We revisit the question of how a definite phase between Bose-Einstein condensates can spontaneously appear under the effect of measurements. We first consider a system that is the juxtaposition of two subsystems in Fock states with high populations, and assume that successive individual position measurements are performed. Initially, the relative phase is totally undefined, and no interference effect takes place in the first position measurement. But, while successive measurements are accumulated, the relative phase becomes better and better defined, and a clear interference pattern emerges. It turns out that all observed results can be interpreted in terms of a pre-existing, but totally unknown, relative phase, which remains exactly constant during the experiment. We then generalize the results to more condensates. We also consider other initial quantum states than pure Fock states, and distinguish between intrinsic phase of a quantum state and phase induced by measurements. Finally, we examine the case of multiple condensates of spin states. We discuss a curious quantum effect, where the measurement of the spin angular momentum of a small number of particles can induce a big angular momentum in a much larger assembly of particles, even at an arbitrary distance. This spin observable can be macroscopic, analogous to the pointer of a measurement apparatus, which illustrates the non-locality of standard quantum mechanics with particular clarity. The effect can be described as the teleportation at arbitrary distances of the continuous classical result of a local experiment. The EPR argument, transposed to this case, takes a particularly convincing form since it does not involve incompatible measurements and deals only with macroscopic variables.
It is well-known in quantum mechanics that one cannot construct a quantum state where the number of particles and the phase are both arbitrarily well defined; they are actually incompatible observables, related by a Heisenberg type uncertainty relation, as position and momentum of a single particle. For a general discussion of the phase operator in quantum mechanics, see for instance references [1] [2] [3] . An usual illustration of the relation between phase and particle number is given by the so-called "coherent states" or "Schrödinger semi-classical states", where fluctuations of the number of particles are used in order to define a phase. These states are often discussed in the context of electromagnetism [4] , but they also apply to Bose-Einstein condensates, on which we focus the interest here -more precisely, multiple condensates and their relative phase.
For instance we consider a physical system that is the juxtaposition of two systems in Fock states (number states), described by the state vector: where N a particles are condensed in the same single particle quantum state ϕ a , and N b particles in the same quantum state ϕ b . These two states may correspond to plane waves with momenta k a and k b , a case in which one can expect the occurrence of an interference pattern with spatial frequency k a − k b . Nevertheless, the position of this pattern depends of the relative phase of the waves, which is completely unknown in a state such as (1). One could then wonder whether an interference effect is observable at all under these conditions.
The question was studied theoretically by several authors [5] [6] [7] [8] [9] ; see also references [10] [11] [12] [13] . The result is that an interference pattern is in fact observed, with a phase that spontaneously emerges from the quantum measurement process itself. The detection of the first particle occurs at a completely random position, but this position provides a first information on the value of the phase; the second particle is then detected at a position that is correlated with the first, and this measurements makes the information on the phase more precise; as more and more detection events are accumulated, the phase becomes better and better defined. In practice, a relatively small number of detections is sufficient to determine the relative 88 The European Physical Journal D phase with good accuracy. Nevertheless, before the first measurement, according to standard quantum mechanics there is no way whatsoever to predict the value that this phase will spontaneously choose. In other words, repeating the same experiment from the same initial conditions (1) will lead to another, completely independent, value of the relative phase. The spontaneous appearance of a relative phase under the effect of measurement is related to the notion of spontaneous symmetry breaking of the conservation of the number of particles, and to non-zero average values of the field operator in superfluid systems [14, 15] . It also relates to Anderson's intriguing question, as quoted by Leggett [16] : "Do superfluids which have never seen each other possess a definite relative phase?" [17, 18] .
In this article, we revisit this question by using a slightly different method from that of references [5] [6] [7] [8] [9] [10] [11] 13] ; we propose a straightforward analytical calculation that does not require the introduction of any (incoherent) fluctuation of the particle numbers, as in [7, 8] for instance, but deals directly with pure Fock states; it reproduces the stochastic simulations of [5] with only one approximation (total number of particles much larger than the number of measurements). In Section 1 we discuss how the process of measurement, applied to a pair of systems that are initially in Fock states, therefore with no well defined phase, can make such a phase appear spontaneously; in Section 2 we apply our calculations to more general cases and discuss how an intrinsic phase, contained in the initial state, can combine with a spontaneous phase induced by measurements; in Section 3, we discuss multiple condensates in the context of spin states and show in particular how the measurement of a small number of spins may induce an angular momentum for a much larger assembly of spins, a curious non-local quantum effect.
Spontaneous phase induced by measurements on Fock states
We first recall a general result of quantum mechanics. We consider a system in a quantum state |Ψ 0 , and a series of observables:
A with eigenvalues a i ; P (a i ) is the projector onto the corresponding eigenstate(s) B with eigenvalues b j ; P (b j ) is the projector onto the corresponding eigenstate(s) C etc.
(2)
If we assume that all these observables commute with each other, then the probability of observing in a combined measurement the results a i , b j , c k , etc. can simply be written:
(the usual intrication of projectors in the so called Wigner formula is not necessary here because the operators commute). Whether or not the wave packet reduction postulate is applied does no matter; in other words, all measurements can be made simultaneously, or one after the other, and the order of measurements is irrelevant. What is assumed, nevertheless, is that the sequence of measurements covers a time that is negligible in comparison with the time constants associated with the intrinsic evolution of the physical system; this is why no evolution operator has to be introduced in the formula. We now apply (3) to position measurements inside the overlap regions of two or more condensates.
A simple case: two highly populated states
We begin with a simple case, where the system is just a juxtaposition of two Bose-Einstein condensates in plane waves:
Here k a and k b are single particle states of well defined momentum normalized in a box with periodic boundary conditions; we assume that N a and N b are large numbers. The probability for detecting a particle at point r corresponds to the following operator, similar to the projectors P (a i ) introduced above:
Here Ψ (r) is the usual field operator, and |i : r is the one particle state corresponding to a perfect localization of particle i at point r; N = N a +N b is the total number of particles. To make the operator Ψ † (r) Ψ (r) really similar to a projector with eigenvalues 0 and 1, one has to integrate it over some small r domain ∆ r centered around r; assuming that ∆ r is sufficiently small ensures that the probability of finding two particles or more in ∆ r is negligible. For the sake of simplicity we do not write these integrations explicitly; in other words we write probability densities instead of probabilities, but it would be easy to come back to real probabilities by multiplying by an appropriate power of ∆ r . The field operator can be expanded onto the annihilation operators a k of momentum states according to:
where, as usual, the sum over k ranges over the values allowed by periodic boundary conditions in a box. We now calculate the probability for observing one particle at position r 1 , another at position r 2 , still another at position r 3 , ... one at position r P . We consider that all positions r 1 , r 2 , ... are different, so that all operators Ψ and Ψ † commute (more precisely, we assume that the small integration domains ∆ r1 , ∆ r21 , ... do not overlap). This allows us to write this probability as: Φ 0 |Ψ † (r 1 )Ψ † (r 2 )Ψ † (r 3 )...Ψ (r 3 )Ψ (r 2 )Ψ (r 1 )|Φ 0 (7)
